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Abstract. The orbit method of Kirillov is used to derive the p-mechanical 
brackets They generate the quantum (Moyal) and classical (Poisson) 

brackets on respective orbits corresponding to representations of the Heisen- 
berg group. The extension of p-mechanics to field theory is made through the 
De Donder— Weyl Hamiltonian formulation. The principal step is the substi- 
tution of the Heisenberg group with Galilean. 
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1. Introduction 

The paper deals with quantization and bracket structures for mechanical and 
field-theoretic problems. It extends certain mechanical problems onto the field- 
theoretic framework, using the finite-dimensional "canonical formalism" based on 
the concept of polymomenta (l| H, |l|, |l|, |l|, |l|, |l|, |o). This finite- 
dimensional framework is strongly related to the multisymplectic formalism. In 
this way, the infinite-dimensional symplectic framework and infinite-dimensional 
canonical formalism traditionally used in field theory are avoided. Our approach 
and results have some relationships with above cited papers by I.V. Kanatchikov. 

On mechanical level the main idea is to use the Kirillov orbit method in the case 
of Heisenberg group ^, || . p-Mechanical brackets are constructed using 

the group algebra (convolution algebra ) on the Heisenberg group. This brackets 
reduce to the quantum (Moyal) or mechanical (Poisson) brackets, depending on the 
used orbit. 
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In this paper generalized brackets are constructed for field theory formulated in 
finite-dimensional polymomenta terms. The main idea there is to use the Galilei 
group instead the Heisenberg group. The constructed brackets also may be con- 
sidered as some field-theoretic Moyal-like brackets (involving several "Planck con- 
stants") or classical brackets. This is similar to our construction of p-mechanical 
brackets. The main difference is that the Heisenberg group is replaced by the Galilei 
group and some Clifford-algebra-valued quantities are used. 



The paper outline is as follows. We start in Section 2.1 from the Heisenberg group 
and its representations derived through the orbit method of Kirillov. In Section |2.2| 
we define p-mechanical observables as convolutions on the Heisenberg group H" and 
study their commutators. We modify the commutator of two p-observables by the 



antiderivative to the central vector field in the Heisenberg Lie algebra in Section 2.3; 
this produces p-mechanical brackets and corresponding dynamic equation. Then 
the p-mechanical construction is extended to the Dc Donder-Weyl Hamiltonian 
formulation of the field theory ||, ^ 0, H |l6[ |l|, [l|, |l|, H^] in Section |1 . 
To this end we replace the Heisenberg group by the Galilean group in Section 3.2. 
Expanded presentation of Section ^ could be found in . Development of material 
from Section ^ will follow in subsequent papers. 

2. Elements of p-Mechanics 

2.1. The Heisenberg Group and Its Representations. Let {s,x,y), where x, 
y e M" and s G K, be an element of the Heisenberg group H" |l^. The group 
law on H" is given as follows: 

(s, X, y) * (s', x\ y') = {s + s + ^^(x, y; x , y'),x + x' , y + y'), (1) 



where the non-commutativity is made by uj — the symplectic form ^, § 37] on 



(^{x,y;x',y') = xy' - x'y. (2) 
The Lie algebra f)" of H" is spanned by left-invariant vector fields 

S^ds, X^^d^^-yj/2ds, Yj=dy^+x,/2ds (3) 

on H" with the Heisenberg commutator relations 

[X^,Y,]^S.^,S (4) 

and all other commutators vanishing. The exponential map exp : f)" H" respect- 
ing the multiplication (|l|) and Heisenberg commutators is 

n 

exp : sS + ^{xkXk + ytYk) ^-^ {s,Xi, . . . ,x„,yi, . . . ,y„). 

k=l 

As any group H" acts on itself by the conjugation automorphisms A{g)h = 
g~^hg, which preserve the unit e £ H". The differential Ad : f)" f)" of A at 
e is a linear map which could be differentiated again to the representation ad of 
the Lie algebra [)" by the commutator: ad (A) : B [B,A]. The dual space f)* 
to the Lie algebra [)" is realised by the left invariant first order differential forms 
on H". By the duality between ()" and [}* the map Ad generates the co-adjoint 



representation |22, § 15.1] Ad* : [)* t)* 



a,d*{s,x,y) : {h,q,p) ^ {h,q + hy,p — hx), where (s, a;, y) £ H" (5) 

and {h,q,p) G f)* in bi-orthonormal coordinates to the exponential ones on [)". 
There are two types of orbits in (||) for Ad * — Euclidean spaces M^" and single 
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points: 

Oh = {{h, q,p) : for a fixed h^Q&nd all £ R^"}, (6) 

0(q,p) = {(0,g,p) : for a fixed {q,p) e R^^}. (7) 

The orbit method of Kirillov |2^, § 15] starts from the observation that the above 
orbits parametrise irreducible unitary representations of H". All representations are 
induced § 13] by a character x/t(s,0, 0) = e^'^'''^ of the centre of H" generated 
by (/i,0,0) e i),* and shifts (|) from the fe/^ on orbits. Using g § 13.2, Prob. 5] 
we get a neat formula, which (unlike many other in literature) respects all physical 
units [ p6[ : 

Ph{s,x,y) : fhiq.p) ^ e-2-('-+9-+py)/^(q - |y,p+ |a,). (8) 

The derived representation dp^ of the Lie algebra f)" defined on the vector fields (^) 
is: 

dph{S) = -27riW, dph{Xj) = hdp^ + ^jl, dph{Yj) = -hOq^ + ^Pjl (9) 

Operators Z?^^, 1 < j < n representing vectors from the complexification of f)": 

Dl - dph{-Xj + lYj) - K^p^ + ia,J + 27r(pj + iq,)/ = hd,^ + 2ttZjI (10) 

where Zj = pj + iq^ are used to give the following classic result in terms of orbits: 

Theorem 2.1 (Stone-von Neumann, cf. g § 18.4], g Chap. 1, § 5]). All unitary 
irreducible representations o/H" are parametrised up to equivalence by two classes 
of orbits (^ and (|^) of the co-adjoint representation (|^) in [}*.• 

(1) r/ie infinite dimensional representations by transformation ph (^) for h ^ 
in Fock j^, ^] space F2{Oh) C L2{Oh) of null solutions to the operators 
Di ([OD; 

F2iOh) = {fh{p,q) e ^2(0/.) I Difh = 0, 1 < J < 71}. (11) 

(2) The one- dimensional representations as multiplication by a constant on<C = 
^2iO{q.p)) which drops out from for h — 0; 

P(,,p)(s,x,y):c^e-2-(«-+f«)c. (12) 

Note that fh{p,q) is in F2{Oh) if and only if the function fh{z)e~^^'^'^^^, z = 
p + ig is in the classical Segal-Bargmann space |ll|, particularly is analytical 
in z. Furthermore the space ^2(0^) is spanned by the Gaussian vacuum vector 
Q-2TT(q +p )/h g^^^ g^Y[ coherent states, which are "shifts" of the vacuum vector by 
operators (||). 

Commutative representations (^2|) correspond to the case /i = in the for- 
mula (|8|). They are always neglected, however their union naturally (see the ap- 
pearance of Poisson brackets in (p^)) acts as the classical phase space: 

Oo= U (13) 

((j,p)GR2i 

Furthermore the structure of orbits of t)* is implicitly present in equation ( p3|) and 
its symplectic invariance 

2.2. Convolution and Commutator on H". Using a left invariant measure dg 
on H" the linear space _L]^(IHI", dg) can be upgraded to an algebra with the convo- 
lution multiplication: 

{ki*k2){g)^ ki{gi) k2{gi^ g) dgi ^ ki{gg^'^)k2{gi)dgi. (14) 
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Inner derivations Dk, k G i]^(]HI") of L]^(H") are given by the commutator for 
/ e ii(H"): 

Dk:f^[k,f]^k*f-f*k^ [ k{g,) (fig^'g) - f{gg^')) dg,. (15) 
A unitary representation ph of H" extends to L^{W\ dg) by the formula: 
[Ph{k)f]{q,p) = / k{g)ph{g)fiq,p)dg 



fc(s,x,y)e-2'^"'"dsj e-^''''^'>''+Py'> f{q - hy,p + hx) dx dy, (16) 

thus Ph{k) for a fixed h ^ depends only on fcs(/i, x, y) — the partial Fourier trans- 
form s —^ h of k{s, X, y). Then the representation of the composition of two convo- 
lutions depends only from 

(fc' * fc)s(/i,x,?/) = / / k'{s',x',y') 
Jr Jh" 

xk{s - s' - ^{xy' - yx'), x-x',y- y') ds' dx' dy' e^'^''"' ds 

'(J ry,l „/^«27^i/ls' 



k'{s',x\y')e 

xk{s - s' - ^{xy' - yx'),x~ x',y~ y')e^^^h{s-s') ^s'dx'dy'ds 
k'^{h, x',y') ksih, x-x',y- y') e-^^h{xy' -yx') ^^^^^/^ ^^^^ 

The last expression for the full Fourier transforms of k' and k turn out to be the 
star product known in deformation quantisation, cf. ||29| , (9)-(13)]. Consequently 
the representation of the commutator (|l5|) depends only from 



[k\k]:^ / k'^{h,x',y')k,{Kx-x',y~y') 

^ (^^-nihixy'-yx') _ ^-7:lh{xy'-yx')'^ ^y, 

2i / k'g(h,x' ,y')ks{h,x — x' ,y ~ y') siii{TTh{xy' — yx')) dx'dy' , (18) 



which turn out to be exactly the "Moyal brackets" [g9| for the full Fourier transforms 
of k' and k. Also the expression (|lq ) vanishes for h = as can be expected from 
the commutativity of representations (^2|). 

2.3. p-Mechanical Brackets on H". An anti-derivation operator A, which is a 
scalar multiple of a right inverse of the vector field S (||) on H", is defined by: 

r ^g2.ih.^ if/i^o, 

SA = 4tt^I, where ^e^'^''*" = <^ (19) 

[ Att^s, iih = 0. 

It can be extended by the linearity to L]^(H"). We introduce |^ a modified con- 
volution operation ★ on L^{W^): 

ki-k k2 = ki * (^^2), 

and the associated modified commutator 

{[fci , /C2]} = fci ★ ^2 - ^2 ★ fci , (20) 
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which wiU be caUed p-mechanical brackets for reasons explained in (p3|). 

One gets from ( p^ the representation ph{Ak) — {ih)^^ ph{k) for any h ^ 0. 
Consequently the modification of (|l^) for h ^ is only slightly different from the 
original one: 

{[fc', k]\; = / ^ sininhixy' - yx')) K{h, x' , y') k{h,x-x',y- y') dx'dy', (21) 

However the last expression for ft, = is significantly distinct from the vanish- 
ing (p^). From the natural assignment ^ sm(TTh{xy' — yx')) = Aii^ixy' — yx') for 
/i = we get the Poisson brackets for the Fourier transforms of k' and k defined on 
(©: 

rr,; ,n Ok' Ok Ok' Ok 



Furthermore the dynamical equation based on the modified commutator ( pOD with 
a suitable Hamilton type function H{s, x, y) for an observable /(s, a;, y) on H" 

/ ^ {[H, /]} is reduced | ^ ^ « f p"-""""' ''fl^fil^ (^3) 

[ by on Co (jlSp to Poisson's eq. ||1|, § 39]. 

The same relationships are true for the solutions of these three equations, see |2^ 
for the harmonic oscillator and jj, ||] for forced oscillator examples. 

3. De Bonder- Weyl Field Theory 

We extend p-mechanics to the De Bonder- Weyl field theory, see (l2[ 
[T^ , [T^ , [l7| , [l8| , |l9[ 1^ for detailed exposition and further references. We will be 
limited here to the preliminary discussion which extends the comment 5.2.(1) from 
the earlier paper p6[ . Our notations will slightly different from the used in the 
papers ||l^, |l3[ Q ^ 16, 1^, |l^, |l^, ^ to make it consistent with the used above 
and avoid clashes. 

3.1. Hamiltonian Form of Field Equation. Let the underlying space-time has 
the dimension n + 1 and be parametrised by coordinates u'^, /i = 0, 1, . . . , n (with 
vP parameter traditionally associated with a time- like direction) . Let us consider a 
field described by some m-component tensor a = 1, . . . , m. For a system defined 
by a Lagrangian density L{q'^,dfj_q°',u'^) Be Bonder-Weyl theory suggests new set 
of polymomenta and DW Hamiltonian function Hi^q"^ ^p'^^ u^) defined as follows: 

^''■^^^^%fd^§^ and H{q\p'i,u>^)=p>:,d,q'^-L{q%d,q\un. (24) 

A multidimensional variational problem for the Lagrangian L{q'\ d^q"" , u^) leads to 
the Euler-Lagrange field equations: 

d f dL \ dL 



duf^ \d{d^q°-) J dq"^ 



Just as in particle mechanics polymomenta (24) help us to transform the above 
Euler-Lagrange field equations to the Hamilton form: 

dq^^dH_ dp^^_dH_ 

with the standard summation (over repeating Greek indexes) convention. The main 
distinction from a particle mechanics is the existence of n-f 1 different polymomenta 
p^ associated to each field variable g". Therefore, the particle mechanics could be 
considered as a particular case when n -f 1 dimensional space-time degenerates for 
n = to "time only" . 
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The next two natural steps [y, |1J, |17|, ^ |19|, gOf inspired by particle 

mechanics are: 

(1) Introduce an appropriate Poisson structure, such that the Hamilton equa- 
tions (|2^) will represent the Poisson brackets. 

(2) Quantise the above Poisson structure by some means, e.g. Dirac-Heisenberg- 
Shrodinger-Weyl technique or geometric quantisation. 

We use here another path: first to construct a p-mechanical model for equa- 
tions (^) and then deduce its quantum and classical derivatives as was done for 
the particle mechanics above. To simplify presentation we will start from the scalar 
field, i.e. m = 1. Thus we drop index a in and and simply write q and p^^ 
instead. 

We also assume that the underlying space-time is flat with a constant metric 
tensor 77'"^. This metric defines a related Clifford algebra ||, || with generators 
satisfying the relations 



= Tj'"'. (26) 



Remark 3.1. For the Minkowski space-time (i.e. in the context of special relativity) 
a preferable choice may be quaternions P8| with generators i, j, k instead the 
general Clifford algebra. 

Remark 3.2. To avoid the possibility of confusion with imaginary units e^, we will 
use the another font for the base of natural logarithms e. 

Since q and look like conjugated variables p-mechanics suggests that they 
should generate a Lie algebra with relations similar to (|^). The first natural as- 
sumption is the n + 3{= 1 -I- (n-|- 1) -f l)-dimensional Lie algebra spanned by X, F^, 
and S with the only non-trivial commutators [X, Y^] = S. However as follows from 
the Kirillov theory [El] any its unitary irreducible representation is limited to a 



representation of listed by the Stone-von Neumann Theorem 2.1, Consequently 
there is a little chance that we could obtain the field equations (2^ in this way. 

3.2. Convolutions and Commutator on The next natural candidate is 

the Galilean group G"+^, i.e. a nilpotent step 2 Lie group with the 2n + 3(= 
I + {n + 1) + {n + l))-dimensional Lie algebra. It has a basis X, YJ^, and S*^ with 
n -|- 1-dimensional centre spanned by S*^. The only non-trivial commutators are 

[X,Y^] = Sf,, where M = 0,l,...,n. (27) 

Again the Kirillov theory [ pT] assures that any its complex-valued irreducible repre- 
sentation is a representation of . However the multidimensionality of the centre 
of offers an option Q to consider Clifford valued representations of G""*"^. 

Remark 3.3. The appearance of Clifford algebra in connection with field theory and 
space-time geometry is natural. For example, the conformal invariance of space- 
time has profound consequences in astrophysics [ pTf and, in their turn, conformal 
(Mobius) transformations are most naturally represented by linear-fractional trans- 
formations in Clifford algebras 0. Some other links between nilpotent Lie groups 



and Clifford algebras are listed in |24 



The Lie group G""*"^ is a manifold homeomorphic to M^"+'^ with coordinates 
{s,x,y), where a; G R and s,y G The group multiphcation in these coordi- 

nates is defined by, cf. (|l|): 

{s,x,y)*{s',x',y') (28) 
= (so + So + ^(^{x, yo; x' , y'o),..., s„ + + ^uj{x, y„; x' , y'J,x + x',y + y'). 
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The Lie algebra is realised by the left (right) invariant vector fields on G""*"^ 
which satisfy to (p7|): 

= ^'w = ±a^-Eya^' ^'w = ±a^ + 2a^- ^^^^ 

The dual of the Lie algebra g""*"^ coincides with M^"+'^ with coordinates 

(/iQ, . . . , /i„, 9,^0: ■ • • iPn) in the basis biorthogonal to the basis , X, Y\ j = 
0,1,..., n of g"^^. Similarly to the realisation ( pl| ) of Fock type spaces on f)" 
we define the vacuum vector w/j q parametrised by the (n + l)-tuple of the Planck 
constants h — {ho, hi, ... , hn) as follows (cf. (2.25)]): 

n 

VhAs, x,y)^Y^ exp27r/ifc {-e^Sj - l{x^ + + + . ■ . + yl)) . (30) 
i=o 

Here one can use the Euler formula = e°(cos6 + Cj sin 5) for a, 6 G K as a 

definition. The coherent states Vh,g are obtained as left shifts of vufl by g = (s, x, y) 

Vh.^gig') = pi{s,x,y)vh,o{s',x',y') (31) 
= ^ exp 2nhj (-e.j is'^ - Sj - iw(a;, y^; x', 



Note that the vacuum vector (|30|) and coherent states (|3l|) are different from ones 
used in . 

Definition 3.4. For a fixed parameter h = {ho, hi, . . . , hn) E M"+^ we define 
Segal-Bargmann space F^(G"+^) of functions on G""*"^ as the closure of the linear 
span of vectors Vh.g for all g € G""*"^ in the norm defined by the inner product: 



(/i,/2>, = / lilhAj h{s,x,y)e^-'^''^^^'ds\ (32) 

X ( / e-2"^^^^^^/2(s,x,y)ds) dxdy. 

The linear combinations of coherent states (|3l| ) with Clifford coefficients multiplied 
from the right. 

The following could be directly verified: 

Lemma 3.5. (1) The left regular action of G"^^^ is unitary with respect to the 
inner product ( p2[ ) . 

(2) The vacuum vector ( ^ ) and consequently all coherent states (^l|) have the 
unit norm in F2{G"). 

Let Pj be the operator F2''(G") ^^(G") defined through the partial Fourier 
transform Sj — > hj as follows: 

[Pjk]{s, X, y) = e^"""^'^^^ [ k{s, x, y) q-'^^'^o^o^^o ds. 
The following properties can be directly verified. 

Lemma 3.6. If all components hj of h — {ho,hi, . . . ,hn) G M"+^ are non-zero 
then 
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(1) Each operator Pj is an orthogonal projection on i^j'l'S")- 

(2) The sum of all Pj is the identity operator on i^j'l^")- X^o ~ ^ ■ 

(3) All operators Pj commute with the left and right action ofG"^^ on i^^(G"). 

Definition 3.7. Observables are defined as convolution K operators on L2(G"^^) 
with a kernel k{s,x,y), which has a property: 

k{s,x,y)e-'^'"'^''^'^ ds=:^ [ k{s,x,y)e'^'"'^''^'^ ds. (33) 

Due to the resolution 'J2q Pj = I on F2{&^) from ^ we see that the restriction of 
a convolution operator K — K Pj — KPj to F2''(G") is completely defined 
by the set of operators KPj . Kernels of operators KPj are given by partial Fourier 
transforms (sq, • . • , Sj, • . • , s„) — > {0, . . . ,hj, . . . ,0): 

kj{0, . . . ,hj, . . . ,0,x,y) ^ / fc(so, • ■ ■ , Sn,x,y) e''^'^"^^^"^ dso ...dsj... dsn- 

The following Lemma simplify further calculations: 

Lemma 3.8. Let a kernel k(s,x,y) satisfy to the identity (|3^), then for any con- 
stant c G C£{n +1): 

[ k{s,x,y)ce-'^'"'^^''^ ds= f k{s, x,y) e-^""^^^^'^ ds c. 

Proof. In a trivial way we can present ce~^'^'^^'^^'^^ = e^^'^'^^^''^' a + e^'^'^^''^^^ C2, 
where ci — \{c — CjCCj) and C2 = ^(c + ejCCj), thus c — ci + C2. Then 



k{s,x,y)ce-^'"'''''''' ds 



[ k{s,x,y)e~^'''^''^'^ dsci+ [ k{s,x,y) e^'"'^''^'^ ds C2 

kis,x,y)e-'^'"'^''^'^ dsci+ [ k{s,x,y)e-^'"'^^''^ dsc2 (34) 



k{s,x,y)e-^'"'^''^''^ dsc, 

-1 

where transformation (^) follows from the property (|3^). □ 

Using this Lemma we found that the restriction of the composition k' * k of two 
convolutions to i^j'l'E'") depends only (cf. (|l7|)) on: 



{k'*k)j = I ^^kj{0,. . . ,hj,. . . ,0,x\y')kj (0, . . . ,hj,. . . ,0,x - x',y - y') 



Thus the restriction of the commutator k' * k — k * k' of two convolutions to 
F^{G") depends only (cf. (|l|)) on: 

(k' * k — k * k')j 



1 + 2 

X 



kj{0, ...,hj,...,0, x', y') kj{0,...,hj,...,0,x-x',y- y') 

^TTejhj(xy-~yjx') _ Q-iTejhj(xy'---yjx')^ dx' dy' . 

k'M, ...,hj,...,0, x', y') kj{Q,...,hj,...,0,x-x',y- y') 

2 

x2ej sin {i:hj{xy'j — Ujx')) dx' dy' . (35) 
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3.3. p-Mechanical Brackets on G"+^. To define an appropriate brackets of two 
observables k' and k we will again modify the restriction \k' , k\j of their commutator 
on Fj'(G""'"-^). To this end we use (cf. ( |l9|) ) antiderivative operators ^o, -^i, • • ■ , 
An which are multiples of right inverse to the vector fields 5"°, S"^, . . . , 5" (|2S|): 

{In 
■Att Sj, if hj — 0, and j — fc; 

0, if hk ^ 0, and j ^ k. 

(36) 

The definition of the brackets follows the ideas of § 3.3]: to each vector field Sj 
should be associated a generator Cj of Clifford algebra (p6|). Thus our brackets are 
as follows, cf. (20): 

n 

{[Bi, B2]} = Bi* B2A -B2* BiA, where A = Y^ e^Aj. (37) 

j=o 

These brackets will be used in the right-hand side of the p-dynamical equation. 
Its left-hand side should contain a replacement for the time derivative. As was 
already mentioned in ^ |l|, |l|, [l6[ |l|, [|, |§ the space-time play a role of 
multidimensional time in the Dc Donder-Weyl construction. Thus we replace time 
derivative by the symmetric pairing Do with the Dirac operator D — Cjdj 

as follows: 



^ ° / = -o ( ^^ir- + TT^e, , where D = e,d,. (38) 



If dl dl 

2 du3 dui ' 

Finally the p-mechanical dynamical equation, cf. (^3[): 

Dof = {[HJ]}, (39) 



is defined through the brackets (|37|) and the Dirac operator (|38|). 

To "verify" the equation (p9h we will find its classical representation and compare 



it with equations (25). Indeed, combining (35) and ( |36D for hj ^ we got: 
\[k',k]}] = [ kr{0,...,h,,...,0,x',y')k,{0,...,h,,...,0,x-x',y^y') 



1+2 



sm 



{nhj{xy'j -yjx')) , 



xAtt^Cj ^ — "-^-^dx'dy'. (40) 

nhj 

In the limit hj this naturally becomes 

{[k',k]}] = f fc;.(0,...,0,x',2;')%(0,...,0,x-x',2/-y') 

xAir'^Cjlxy'^ - yjx')dx' dy' . (41) 

Then the representation P[q.p) of the {[A;',/c]}j is expressed through the complete 
Fourier transform {s,x,y) (0,q,p) as follows: 

ari.' WX"^ ^( dk'{0,q,p) dkiO,q,p) dk'iO,q,p) dk{0,q,p) \ 

9^ d^j 

Finally from the decomposition^ it follows that {[/c',A:]} = X]j=o "il^'' ^'^'^ 
we obtain the classical representation of p-mechanical brackets, cf. (p2[): 



rr, / ,n V"^ / ^fc' dk Ok' dk\ 
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Consequently the dynamics from the equation (^9|) of field observable q with a 
scalar- valued Hamiltonian H in the classical representation is given by: 



^°'^-E(^^^-i^5^j^.'? ^ Ea^^.^Ei^^- (43) 

After the separation of components in the last equation with different generators 
Cj we get the first n + 1 equations from the set (p5|). 

To obtain the last equation for polymomenta (|25| ) we again use the Clifford 
algebra generators to construct the combined polymomenta p — X^o ^feP'^- For 
them: 

j=0 ^ ^ j=0 i=0 



where C = X^o ^i^i' i-^- ^ ^ for the Minkowski space-time. Thus the equa- 
tion (|9|) for the combined polymomenta p = J^k ^^P^ '^^^ classical representation 
becomes: 

3=0 ^ 

i.e. coincides with the last equation in ( p5| ) up to a constant factor — C = — Gj^i- 
If this constant is non-zero the second equation in (E5h is equivalent to the equa- 



tion (44) with the Hamilton function Hc{q, —-^p) = ~'^93lP^ ~ ^{Qj ^jq, u). Thus 
p-mechanical equation (|3^) passed the test by its classical representation. 

Consequently we may assume that the "quantum" representations ph — P(ho,...,h„) 
of G"^^ map the p-mechanical bracket ( |37| ) and corresponding dynamic 

equation ( ^ to the equation of quantum fields. Such an image {■■,-]q of {[•, •]} is 



easily obtained from ( ^ ) and the decomposition |2[ 

[Ph{k'),ph{k)], = pH{[k',k-^ (45) 

n 

^ fc^(0, . . . , /ij, . . . , 0, x', y') kj {0,...,hj,...,0,x - x',y - y') 

3=0 

X sin (^Trhj{xy'j — yjx')) dx' dy' . 
hj 

This brackets are similar to the Moyal brackets (pT|). Consequently the dynamic 
equation ( p9[ ) with a Hamiltonian Ph{H) for an observable Ph(fc) becomes in the 
quantum representation 

Dop„{k)^[pu{H),phm,. (46) 



in the notations (45). Therefore the image (M) of the equation ( |39| ) could stand 
for a quantisation of its classical images in (|25D , (^) . A further study of quantum 
images of the equation (^9|) as well as extension to vector or spinor fields should 
follow in subsequent papers. In different spaces of functions these quantisations 
corresponds to Dirac-Heisenberg-Schrodinger-Weyl, geometric, deformational, etc. 
quantisations of particle mechanics. 

Remark 3.9. To consider vector or spinor fields with components qa, a = 1, . . . 
it worths to introduce another Clifford algebra with generators and consider a 
composite field q — c'^qa- There are different ways to link Clifford and Grassmann 
algebras, see e.g. B 10|. Through such a link the Clifford algebra with generators 
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Cj corresponds to horizontal differential forms in the sense of ^ |l^, |6[ |T^, 
[l^ , [l9| , [20|] and the Clifford algebra generated by Ca — to the vertical. 

Acknowledgement. I am very grateful to Prof. I.V. Kanatchikov for introducing 
me to the De Donder-Weyl theory and many stimulating discussions and com- 
ments. Dr. Gong Yafang also read the paper and made several useful remarks 
which are gratefully acknowledged. Last but not least the anonymous referee sug- 
gested many important improvements and corrections. The first three paragraphs 
of Introduction arc mainly borrowed from the referee's report. 
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